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TOPOLOGICALLY 2-GENERATED GROUPS
ALEKSANDRA KWIATKOWSKA AND MACIEJ MALICKI
Abstract. We formulate and prove general conditions implying that the automorphism
group Aut(M) of a countable structure M , and the group L0(Aut(M)) of measurable
functions with values in Aut(M), have a cyclically dense conjugacy class, in particular,
are topologically 2-generated. This provides a number of new examples of groups with
this property.
1. Introduction
For a Polish group G, a tuple (a1, . . . , an) in G topologically generates G if the closure
of the subgroup of G generated by it, is equal to G. In this situation, we say that G is
topologically n-generated. There is a number of Polish groups which are topologically 2-
generated in a very special way, specifically, which have a cyclically dense conjugacy
class. For a Polish group G say that (g, h) (topologically) cyclically generates G if
{glhg−l : l ∈ Z} is dense in G. In that case, we will say that G has a cyclically dense
conjugacy class.
Kechris and Rosendal ([9], pages 314-315) gave examples of automorphism groups of
countable structures which have a cyclically dense conjugacy class, among them was
the automorphism group of the countable atomless Boolean algebra. Macpherson [11,
Proposition 3.3] proved that the automorphism group of the random graph has a cyclically
dense conjugacy class, and Solecki [16, Corollary 4.1] proved that the automorphism group
of the rational Urysohn metric space has this property. It follows from the work of Glass,
McCleary and Rubin [5, Proposition 4.1] that the automorphism group of the random
poset also has a cyclically dense conjugacy class. Kaplan and Simon [8], independently
from our work, recently formulated a model-theoretic condition on automorphism groups
of countable structures to have a cyclically dense conjugacy class.
A similar line of research is presented in Darji and Mitchell [2], where the sets of
topological 2-generators in the automorphism group of rationals, and in the automorphism
group of the colored random graph, are studied. It is shown there, in particular, that in
each of these groups, for every non-identity element f , there is an element g such that
(f, g) topologically 2-generates the whole group (see [2, Theorems 1.3 and Corollary 1.8].)
It seems that topological generators of groups of measurable functions have been barely
studied at all. Glasner [4] (see also Pestov [13, Theorem 4.2.6]) showed that L0(S
1) is
topologically 1-generated.
2. Definitions and Results
A Polish group is non-archimedean if it admits a neighbourhood basis at the identity
consisting of open subgroups. It is well known that non-archimedean Polish groups
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are exactly those that can be realized as automorphism groups of countable structures,
equipped with the pointwise convergence topology. Even more, non-archimedean Polish
groups are exactly those that can be realized as automorphism groups of relational
ultrahomogeneous countable structures (see [1], pages 9-10), where a structure M is
ultrahomogeneous if every automorphism between finite substructures of M can be
extended to an automorphism of the whole M . Therefore, without loss of generality,
we will restrict our attention to automorphism groups of ultrahomogeneous structures. If
a countable and locally finite structure M is ultrahomogeneous, then F = Age(M) – the
class of all finite substructures embeddable in M – is a Fraïssé class, i.e., it is a countable
up to isomorphism class of finite structures which has the hereditary property HP (for
every A ∈ F , if B is a substructure of A, then B ∈ F), the joint embedding property JEP
(for any A,B ∈ F there is C ∈ F which embeds both A and B), and the amalgamation
property AP (for any A,B1, B2 ∈ F and any embeddings φi : A→ Bi, i = 1, 2, there are
C ∈ F and embeddings ψi : Bi → C, i = 1, 2, such that ψ1 ◦ φ1 = ψ2 ◦ φ2). Moreover,
by the classical theorem due to Fraïssé, for every Fraïssé class F of finite structures,
there is a unique up to isomorphism countable ultrahomogeneous structure M such that
F = Age(M). In that case, we call M the Fraïssé limit of F , see [7, Section 7.1].
For a structure M , Aut(M) is the automorphism group of M . For X ⊆ M , let
AutX(M) denote the subgroup of Aut(M) that pointwise stabilizes X. We say that a
structure M has no algebraicity if for any finite substructures X, Y ⊆M , X ∩Y = ∅, the
orbit AutX(M).Y is infinite. It is well known (see for example [7, Theorem 7.1.8]) that
an ultrahomogeneous structure M has no algebraicity if and only if Age(M) satisfies the
strong amalgamation property, i.e., we have additionally ψ1[B1] ∩ ψ2[B2] = ψ1 ◦ φ1[A] in
the definition of the amalgamation property.
We say that g ∈ Aut(M) has no cycles if for every x ∈ M and n > 1, it holds that
gn(x) 6= x.
Let (X, µ) be a standard non-atomic Lebesgue space (without loss of generality, X is
the interval [0,1] and µ is the Lebesgue measure), and let Y be a Polish space. We define
L0(X, µ; Y ) to be the set of all (µ-equivalence classes of) measurable (equivalently: Borel)
functions from X to Y . We equip this space with the convergence of measure topology.
The neighborhood basis at h ∈ L0(X, µ; Y ) is
[h, δ, ǫ] = {g ∈ L0(X, µ; Y ) : µ({x ∈ X : d(g(x), h(x)) < δ}) > 1− ǫ},
where d is a fixed compatible complete metric on Y , and ǫ, δ > 0. This topology does
not depend on the choice of the metric d on Y . When Y = G is a Polish group,
then L0(X, µ;G) is a Polish group as well, with multiplication given by the pointwise
multiplication inG: (fg)(x) = f(x)g(x). Groups of measurable functions were introduced
by Hartman and Mycielski [6], where they showed that every topological group can be
embedded in a path connected one. In recent years, the structure and dynamics of those
groups has been frequently studied, for example in [3, 10, 14, 15, 17].
For g ∈ G, we will denote by fg the constant function in L0(G) with the value g. For
notational reasons, we assume that the natural numbers N start with 1.
Our first result is the following theorem, which will provide a number of examples of
topological groups that have a cyclically dense conjugacy class, in particular, that are
topologically 2-generated.
Theorem 2.1. Let G be the automorphism group of an ultrahomogeneous structure M .
Suppose that there exists g ∈ G such that for any partial automorphisms φi : Ai → Bi
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and ψi : Ci → Di, i ≤ n, of M , there are k,m ∈ Z such that g
kφig
−k ∪ gmψig
−m can be
extended to a single automorphism of M , for each i ≤ n. Then each of the groups Gn,
n ∈ N, is cyclically generated by ((g, . . . , g), b¯) for some b¯ ∈ Gn, and L0(G) is cyclically
generated by (fg, b) for some b ∈ L0(G).
Moreover, if M has no algebraicity and g has no cycles, we can find such b¯ ∈ Gn
(b ∈ L0(G), respectively) such that (g, . . . , g) and b¯ (fg and b, respectively) generate the
free group.
Our main result is Theorem 2.2, which involves a property that we call the strong+
amalgamation property. It is a variant of amalgamation which sits between strong
amalgamation and free amalgamation.
Let F be a class of finite structures in a relational language L. We say that F
satisfies the strong+ amalgamation property if for every A,B1, B2 ∈ F , and embeddings
φi : A → Bi, i ≤ 2, there is C ∈ F and there are embeddings ψi : Bi → C, i ≤ 2, such
that, for S = ψ1(B1) \ ψ1 ◦ φ1(A) and T = ψ2(B2) \ ψ2 ◦ φ2(A) we have:
(1) ψ1 ◦ φ1 = ψ2 ◦ φ2,
(2) x 6= y for all x ∈ S and y ∈ T ,
(3) The map p ∪ q is an isomorphism for every isomorphisms p and q such that
dom(p) ∪ rng(p) ⊆ S and dom(q) ∪ rng(q) ⊆ T .
Note that condition (3’) below implies condition (3).
(3’) For every n and every relation symbol R ∈ L of arity n, for all n-tuples (x1, . . . , xn)
and (y1, . . . , yn) of elements in S ∪ T such that
– xi ∈ S iff yi ∈ S for i = 1, . . . , n,
– {x1, . . . , xn} ∩ S 6= ∅,
– {x1, . . . , xn} ∩ T 6= ∅,
we have RD(x1, . . . , xn) iff R
D(y1, . . . , yn).
In particular, if L consists only of relations of arity 2, the condition (3’) says the
following. For every relation symbol R ∈ L and for all tuples (x1, x2) and (y1, y2) such
that either we have x1, y1 ∈ S and x2, y2 ∈ T or we have x1, y1 ∈ T and x2, y2 ∈ S, it
holds that RD(x1, x2) iff R
D(y1, y2).
This notion refines the notion of the strong amalgamation property as F satisfies the
strong amalgamation property if for every A,B1, B2 ∈ F , and embeddings φi : A → Bi,
i ≤ 2, there is C ∈ F , and embeddings ψi : Bi → C, i ≤ 2, such that (1) and (2) in the
definition of the strong+ amalgamation property hold.
Moreover, it generalizes the notion of the free amalgamation property as F satisfies
the free amalgamation property if for every A,B1, B2 ∈ F , and embeddings φi : A→ Bi,
i ≤ 2, there is C ∈ F , and embeddings ψi : Bi → C, i ≤ 2, such that (1) and (2) in the
definition of the strong+ amalgamation property and condition (3”) below hold.
(3”) For every n and every relation symbol R of arity n, for every n-tuple (x1, . . . , xn)
such that xi ∈ S ∪ T and {x1, . . . , xn} ∩ S 6= ∅ and {x1, . . . , xn} ∩ T 6= ∅,
RD(x1, . . . , xn) does not hold.
Clearly, (3”) implies (3’).
The random graph (respectively, the random triangle-free graph) is the Fraïssé limit
of the class of all finite graphs (respectively, all finite triangle-free graphs). The random
tournament is the Fraïssé limit of the class of all finite tournaments, where a tournament
is a directed graph D such that for any distinct x, y ∈ D either there is an edge from x
to y or there is an edge from y to x, but not both. Furthermore, the random poset P is
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the Fraïssé limit of the class of all finite partially ordered sets, and the rational Urysohn
space U0 is the Fraïssé limit of the class of all finite metric spaces with rational valued
distances.
Theorem 2.2. Suppose that:
(i) M is a countable relational ultrahomogeneous structure such that Age(M) has the
strong+ amalgamation property, or
(ii) M is the rational Urysohn metric space, or
(iii) M is the random poset, or
(iv) M is the rational numbers with ordering, or
(v) M is the countable atomless Boolean algebra, or the countable atomless Boolean
algebra equipped with the dyadic measure.
Then each Gn, n ∈ N, and L0(G), where G = Aut(M), has a cyclically dense conjugacy
class. In fact, each of these groups is cyclically generated by a pair generating the free
group.
A proof of Theorem 2.2 will be presented in Sections 3.2-3.5. Each time we will verify
that the assumptions of Theorem 2.1 are satisfied.
It is easy to see that the class of graphs and the class of triangle-free graphs satisfy the
free amalgamation property, while the class of finite tournaments satisfies the strong+
amalgamation property, but it does not satisfy the free amalgamation property. On the
other hand, the classes of finite rational metric spaces, partial orderings, linear orderings,
Boolean algebras, and Boolean algebras equipped with the dyadic measure, do not satisfy
the strong+ amalgamation property. Still, the conclusion of Theorem 2.2 holds for those
structures.
As a matter of fact, in order to show that the conclusion of Theorem 2.2 holds for
structures with strong+ amalgamation, we introduce a family of weaker conditions (△n),
n ∈ N. We show that the conclusion of Theorem 2.1 holds for every structure listed in
Theorem 2.2. For the case of the rational Urysohn space we use results of Solecki [16],
and to deal with the random poset, we use the work of Glass, McCleary and Rubin [5].
3. Proofs
3.1. Proof of Theorem 2.1. For a¯ = (a1, . . . , an), an n-tuple in a Polish group G, let
fa¯ be the step function defined by
fa¯(x) = a
k iff x ∈
[
k − 1
n
,
k
n
]
.
Lemma 3.1. Let G be a Polish group and suppose that there is g ∈ G such that for any
n ∈ N there is h¯ ∈ Gn such that ((g, . . . , g), h¯) cyclically generates Gn. Then L0(G) is
cyclically generated by (fg, b), for some b ∈ L0(G).
Proof. It is easy to see that for every Polish group H , if (g, h) cyclically generates H ,
then the set
A = {h′ ∈ H : (g, h′) cyclically generates H}
is dense. As A is a Gδ set, it is in fact comeager. Thus, for a fixed g ∈ G as in the
statement of the lemma, and n ∈ N, every set
An = {h¯ ∈ G
n : ((g, . . . , g), h¯) cyclically generates Gn}
is comeager.
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Regarding elements h¯ of An as step functions fh¯, we identify An with a subset of L0(G),
which we will denote by A′n. We have that A
′
21 ⊆ A
′
22 ⊆ . . ., and that
⋃
nA
′
2n is dense in
L0(G). This implies that for any non-empty open set U in L0(G), the set
{h ∈ L0(G) : ∃l∈Z g
lhg−l ∈ U}
is open and dense. Therefore the set
{h ∈ L0(G) : (fg, h) cyclically generates L0(G)}
is comeager, in particular non-empty. 
The lemma below is a generalization to every dimension n a condition due to Kechris-
Rosendal ([9], page 314) on a non-archimedean Polish group to have a cyclically dense
conjugacy class.
Lemma 3.2. Let G be the automorphism group of an ultrahomogeneous structure M ,
and let n ∈ N and g¯ = (g1, . . . , gn) ∈ G
n be given. Suppose that for every choice of partial
automorphisms φi : Ai → Bi and ψi : Ci → Di, i ≤ n, of M there are k,m ∈ Z such
that for every i ≤ n, the partial automorphisms gki ψig
−k
i and g
m
i φig
−m
i have a common
extension to an automorphism of M . Then the set
Y = {h¯ ∈ Gn : (g¯, h¯) cyclically generates Gn}
is comeager in Gn; in particular it is non-empty.
Proof. Without loss of generality, we can assume that k = 1 in the statement of the
theorem.
We fix φ = (φ1 : A1 → B1, . . . , φn : An → Bn), and we will show that the set
Zφ = {(h1, . . . , hn) ∈ G
n : ∃m∀i g
m
i φig
−m
i ⊆ hi}
is open and dense in Gn.
Clearly, Zφ is open. To show that it is also dense, fix ψ = (ψ1 : C1 → D1, . . . , ψn : Cn →
Dn). The set [ψ] ∩ Zφ is non-empty, where
[ψ] = {(f1, . . . fn) ∈ G
n : ∀i ψi ⊆ fi}.
This follows from the assumption that there is m such that for each i ≤ n, the partial
automorphisms ψi : Ci → Di and g
m
i φig
−m
i : g
m
i (Ai) → g
m
i (Bi) have a common extension
to an automorphism of M .
Finally, notice that Y ⊇
⋂
φ Zφ, hence it is comeager. 
We will use the following lemma in Sections 3.2-3.4 to show that the automorphism
group of each structure listed in Theorem 2.2 is cyclically generated by a pair that
generates the free group.
Lemma 3.3. Let M be a countable structure with no algebraicity, and let g ∈ Aut(M)
be an automorphism with no cycles. Then for each n ∈ N, the set
{h¯ ∈ Aut(M) : (g, . . . , g) and h¯ generate the free group in Aut(M)n}
and the set
{h ∈ L0(Aut(M)) : fg and h generate the free group in L0(Aut(M))}
are comeager.
6 A. KWIATKOWSKA AND M. MALICKI
Proof. For any reduced word w(s, t), since M has no algebraicity and g has no cycles, the
set
{h ∈ Aut(M) : ∃x ∈M w(g, h)(x) 6= x}
is open and dense. Hence,
{h ∈ Aut(M) : w(g, h) 6= Id}
is open and dense. This implies that the sets listed in the conclusion of the lemma are
comeager. 
Proof of Theorem 2.1. The theorem follows immediately from Lemmas 3.1, 3.2 and
3.3. 
3.2. The strong+ amalgamation property. In this section, we prove the following
theorem.
Theorem 3.4. Let M be a countable relational ultrahomogeneous structure such that
Age(M) has the strong+ amalgamation property. Then each Gn, n ∈ N, and L0(G),
where G = Aut(M), has a cyclically dense conjugacy class. In fact, each of these groups
is cyclically generated by a pair generating the free group.
We prove Theorem 3.4 via Theorem 3.5 saying that if a countable relational
ultrahomogeneous structureM has no algebraicity and satisfies conditions (△n), for every
n ∈ N, defined below, then the conclusion of Theorem 3.4 holds. Then, in Lemma 3.6,
we show that a countable relational ultrahomogeneous structure M such that Age(M)
has the strong+ amalgamation property satisfies conditions (△n), for every n ∈ N.
Condition (△
n
). Let si : Xi → Yi, ti : Pi → Qi, i ≤ n, and h, be partial automorphisms
ofM such that
⋃
i(Xi∪Yi) is disjoint from rng(h) and
⋃
i(Pi∪Qi) is disjoint from dom(h).
Then there exist P ′i , Q
′
i ⊆ M and partial automorphism α :
⋃
i(Pi ∪ Qi) →
⋃
i(P
′
i ∪ Q
′
i)
with rng(α ↾ Pi) = P
′
i and rng(α ↾ Qi) = Q
′
i such that:
(1) (αtiα
−1) ↾ P ′i ∪ si is a partial automorphism for every i;
(2) h ∪ α : dom(h) ∪
⋃
i(Pi ∪Qi)→ rng(h) ∪
⋃
i(P
′
i ∪Q
′
i) is a partial automorphism.
Theorem 3.5. Let M be a relational ultrahomogeneous structure that has no algebraicity,
and that satisfies conditions (△n), for every n ∈ N. Then each G
n, n ∈ N, and L0(G),
where G = Aut(M), has a cyclically dense conjugacy class. In fact, each of these groups
is cyclically generated by a pair generating the free group.
Lemma 3.6. Suppose that Age(M) of an ultrahomogeneous structure M satisfies the
strong+ amalgamation property. Then M satisfies (△n), for every n.
It is well-known that every ultrahomogeneous structure M has the extension property,
i.e., for any X, Y ∈ Age(M), embeddings i : X → M and φ : X → Y , there is an
embedding j : Y → M such that j ◦ φ = i. If additionally M has no algebraicity,
we can always choose j such that j(Y ) \ i(X) is disjoint from a given finite set. Say
that an ultrahomogeneous structure M has the strong extension property if for any
X, Y ∈ Age(M), a finite substructure Z ⊆M disjoint from i(X), embeddings i : X →M
and φ : X → Y , there is an embedding j : Y →M such that j ◦ φ = i and j(Y ) ∩ Z = ∅.
Proof of Lemma 3.6. Apply the strong+ amalgamation property to A := rng(h), B :=
rng(h) ∪
⋃
i(Xi ∪ Yi), C := dom(h) ∪
⋃
i(Pi ∪ Qi), φ1 := IdA, φ2 := h
−1, and (using
the notation as in the definition of the strong+ amalgamation property) get D, ψ1, and
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ψ2. Since rng(h) ∩ (
⋃
i(Xi ∪ Yi)) = ∅ and dom(h) ∩ (
⋃
i(Pi ∪ Qi)) = ∅, we get that
ψ2(
⋃
i(Pi ∪ Qi)) is disjoint from ψ1(
⋃
i(Xi ∪ Yi)). Next apply the extension property to
X := rng(h) ∪
⋃
i(Xi ∪ Yi), Y := D, i := IdX , and φ := ψ1, and (using the notation as
in the definition of the extension property) get j. Then α = (j ◦ ψ2) ↾
⋃
i(Pi ∪ Qi), and
P ′i = α(Pi), and Q
′
i = α(Qi) satisfy the required conditions (1) and (2) in the definition
of (△n). Indeed, as h ∪ α = j ◦ ψ2, we have that h ∪ α is a partial automorphism.
Moreover, by (3) in the definition of the strong+ amalgamation property, we see that for
every partial automorphism s such that dom(s) ∪ rng(s) ⊆ ψ1(
⋃
i(Xi ∪ Yi)) and partial
automorphism t such that dom(t) ∪ rng(t) ⊆ ψ2(
⋃
i(Pi ∪ Qi)), we have that s ∪ t is a
partial automorphism (we have that (dom(s) ∪ rng(s)) ∩ (dom(t) ∪ rng(t)) = ∅), which
implies that (αtα−1) ∪ s is a partial automorphism, and this implies (2) in the definition
of (△n).

Finally, we prove Theorem 3.5.
Proof of Theorem 3.5. By Theorem 2.1 it suffices to find g ∈ Aut(M) such that for any
n, and any partial automorphisms φi : Ai → Bi and ψi : Ci → Di, i = 1, . . . , n, there is m
such that gm+1φig
−(m+1) : gm+1(Ai) → g
m+1(Bi) and g
−mψig
m : g−m(Ci) → g
−m(Di) we
can extend to a single automorphism of M (equivalently: gm+1φig
−(m+1) ∪ g−mψig
m is a
partial automorphism). We construct such a g which has no cycles.
EnumerateM into {mk}k≥2 and enumerate all tuples of pairs of partial automorphisms
of the same length of M into {(pk,i, qk,i)i}k≥2. We will construct a sequence {gk}k≥1 of
partial automorphisms of M with gk+1 extending gk, for each k, such that for each k:
(1) gk has no cycles;
(2) mk is both in the domain and in the range of g2k;
(3) there ism (that depends on k, but not on i) such that for every i, gm+12k+1pk,ig
−(m+1)
2k+1 ∪
g−m2k+1qk,ig
m
2k+1 is a partial automorphism.
Let g1 be the empty function. Suppose that we have constructed g1, g2, . . . , g2k−1 and
now we want to define g2k. If mk is both in dom(g2k) and in rng(g2k), we just take
g2k = g2k−1. If mk ∈ rng(g2k−1) \ dom(g2k−1) then apply the strong extension property
to A = rng(g2k−1) ⊆ M and B = dom(g2k−1) ∪ {mk} to find b ∈ M disjoint from
dom(g2k−1) ∪ rng(g2k−1) such that rng(g2k−1) ∪ {b} is isomorphic to dom(g2k−1) ∪ {mk}
via the map that extends g2k−1. Then we take g2k = g2k−1 ∪ {(mk, b)}. We similarly
proceed (by considering g−12k−1 instead of g2k−1) when mk ∈ dom(g2k−1) \ rng(g2k−1). In
the case when mk /∈ rng(g2k−1)∪dom(g2k−1), we do two steps. First we proceed as in the
case when mk ∈ rng(g2k−1) \ dom(g2k−1) and for the resulting partial automorphism we
proceed as in the case mk /∈ dom(g2k−1) \ rng(g2k−1) (where instead of g2k−1 we put that
resulting partial automorphism). Note that g2k has no cycles.
We have pk,i : Ak,i → Bk,i, and qk,i : Ck,i → Dk,i, i = 1, . . . , n, and we have g2k. Denote
E =
⋃
i(Ak,i ∪ Bk,i) and F =
⋃
i(Ck,i ∪ Dk,i). We will extend g2k to some partial
automorphism h such that for some m, hm(E) is disjoint from dom(h) and h−m(F )
is disjoint from rng(h). Pick an m such that for every x ∈ E, gm+12k (x) is undefined and
for every y ∈ F , g
−(m+1)
2k (y) is undefined.
We first construct a partial automorphism f which extends g2k such that for every
x ∈ E, fm(x) is defined but fm+1(x) is undefined (i.e. fm(E) is disjoint from dom(f))
and for every y ∈ F , f−(m+1)(y) is undefined. Next, we construct a partial automorphism
h which extends f such that for every y ∈ F , h−m(y) is defined but h−(m+1)(y) is undefined
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(i.e. h−m(F ) is disjoint from rng(h)) and for every x ∈ E, hm+1(x) is undefined. We
show how to construct f from g2k. The construction of h
−1 from f−1, and hence the
construction of h, will be the same.
We will construct a sequence of partial automorphisms f0 ⊆ f1 ⊆ . . . ⊆ fm without
cycles such that for i = 0, 1, . . . , m, we have that fm+1i (x) is undefined for every x ∈ E,
but fi is defined on f
i−1
i−1 (E), and f
−(m+1)
i (y) is undefined for every y ∈ F . Then fm will be
the required f . We set f0 = g2k. Having constructed f0, . . . , fi−1, for some i ≤ m, we take
fi such that dom(fi) = dom(fi−1) ∪ f
i−1
i−1 (E). Let X = f
i−1
i−1 (E) \ dom(fi−1). Using the
strong extension property, find Y disjoint from dom(fi−1)∪ rng(fi−1)∪ (F \ rng(f0)) such
that the sets dom(fi−1) ∪ X and rng(fi−1) ∪ Y are isomorphic via an isomorphism that
extends fi−1, we take this isomorphism to be fi. We see that since f
m+1
m (x) is undefined
for every x ∈ E and fm is defined on f
m−1
m−1 (E), we have that dom(fm), and f
m
m (E) are
disjoint. Moreover, f
−(m+1)
m (y) is undefined for every y ∈ F .
We apply the condition (△n) to Xi = h
−m(Ck,i), Yi = h
−m(Dk,i), si = h
−mqk,ih
m,
Pi = h
m(Ak,i), Qi = h
m(Bk,i), ti = h
mpk,ih
−m, and h. The conditions that
⋃
i(Xi ∪ Yi)
and rng(h) are disjoint and
⋃
i(Pi ∪ Qi) and dom(h) are disjoint, are satisfied. We get
P ′i , Q
′
i, and α :
⋃
i(Pi ∪Qi)→
⋃
i(P
′
i ∪Q
′
i).
From (1) in the conclusions of (△n), we get that that (αtiα
−1) ↾ P ′i ∪ si =
αhmpk,ih
−mα−1 ∪ h−mqk,ih
m is a partial automorphism.
From (2) in the conclusions of (△n), we get that h∪α is a partial automorphism. Hence
g2k+1 = h ∪ α is a partial automorphism. Moreover, g2k+1 has no cycles, as
⋃
i(Pi ∪ Qi)
is disjoint from dom(h).
Finally, note that αhmpk,ih
−mα−1 = gm+12k+1pk,ig
−(m+1)
2k+1 , which gives that the partial
automorphism αtiα
−1 ∪ si is equal to g
m+1
2k+1pk,ig
−(m+1)
2k+1 ∪ g
−m
2k+1qk,ig
m
2k+1, as needed.
The required g is
⋃
k gk.

We can slightly strengthen Theorem 3.5. Let NC(Aut(M)) denote the set of all
automorphisms of Aut(M) without cycles. It is immediate to see that NC(Aut(M))
is a closed, and thus Polish, subspace of Aut(M).
Corollary 3.7. Let M be a relational ultrahomogeneous structure with no algebraicity
such that for any n the condition (△n) holds. If G = Aut(M), then for every n the set
{g ∈ NC(G) : for some h¯ ∈ Gn ((g, . . . , g), h¯) cyclically generates Gn},
and the set
{g ∈ NC(G) : for some h ∈ L0(G), (fg, h) cyclically generates L0(G)}
are dense Gδ in NC(G).
Proof. In the proof of Theorem 3.5, instead of taking g1 = ∅, we can take an arbitrary
partial automorphism which has no cycles. This implies that the set of g ∈ NC(Aut(M))
such that for any n and any partial automorphisms φi : Ai → Bi and ψi : Ci → Di,
i ≤ n, there are k,m ∈ Z such that gkφig
−k and gmψig
−m we can extend to a single
automorphism of M , is a dense Gδ subset of NC(Aut(M)). 
3.3. The rational Urysohn metric space. Conditions (△n), n ∈ N, do not seem to
hold for the rational Urysohn space U0. Nevertheless, using Solecki [16, Theorem 3.2], we
can, similarly as in Theorem 3.5, conclude that each Aut(U0)
n, n ∈ N, and L0(Aut(U0)),
has a cyclically dense conjugacy class. In this section, we show the following theorem.
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Theorem 3.8. Each Aut(U0)
n, n ∈ N, and L0(Aut(U0)), has a cyclically dense conjugacy
class. In fact, each of these groups is cyclically generated by a pair generating the free
group.
We point out that Solecki [16, Corollary 4.1] already showed that each Aut(U0)
n, n ∈ N,
has a cyclically dense conjugacy class.
Let us first recall Solecki’s theorem:
Theorem 3.9 (Solecki, Theorem 3.2 in [16] ). Let a finite metric space A and a partial
isometry p of A be given. Then there exist a finite metric space B with A ⊆ B as metric
spaces, an isometry p˜ of B extending p, and a natural number m such that:
(i) p˜2m = IdB;
(ii) if a ∈ A has no cycles, then p˜j(a) 6= a for all 0 < j < 2m;
(iii) A ∪ p˜m(A) is the amalgam of A and p˜m(A) over (Z(p), idZ(p), p˜
m ↾ Z(p)), where
Z(p) is the set of all cyclic points of p.
Remark 3.10. If p has no cycles, then (iii) says that the distance between any point in
A and any point in p˜m(A) is equal to diam(A)+ diam(p˜m(A)) = 2diam(A). Moreover, in
that case, the partial isometry
p1 = p˜ ↾
(
m−1⋃
i=0
p˜i(A)
)
has no cycles as well.
Proof of Theorem 3.8. We will verify that the assumptions of Theorem 2.1 are satisfied.
As in the proof of Theorem 3.5, we start with enumerating U0 into {mk}k≥2 and
enumerating all tuples of pairs of the same length of partial automorphisms of U0 into
{(pk,i, qk,i)i}k≥2. We then construct a sequence {gk}k≥1, with gk+1 extending gk for each
k, of partial automorphisms of U0 such that for each k:
(1) gk has no cycles;
(2) mk is both in the domain and in the range of g2k;
(3) there is m (that depends on k, but not on i) such that for every i, gm2k+1pk,ig
−m
2k+1∪
qk,i is a partial automorphism.
At even steps we proceed as in the proof of Theorem 3.5. Suppose that we constructed
g2k and we want to construct g2k+1 with the required properties. We have pk,i : Ak,i → Bk,i
and qk,i : Ck,i → Dk,i, i ≤ n. Let A be the union of all the domains and ranges of g2k,
pk,i, and qk,i, i ≤ n, and let p = g2k. Apply Theorem 3.9, and get B, p˜ and m. We let
g2k+1 = p˜ ↾
(
m−1⋃
i=0
p˜i(A)
)
.
Using observations in Remark 3.10, we conclude that g2k+1 has no cycles. We also see that
for each i ≤ n, gm2k+1pk,ig
−m
2k+1 : g
m
2k+1(Ak,i) → g
m
2k+1(Bk,i) and qk,i : Ck,i → Dk,i, the map
gm2k+1pk,ig
−m
2k+1∪qk,i is a partial automorphism. Indeed, as we observed in Remark 3.10, the
distance between a point in
⋃
i (Ck,i ∪Dk,i) and a point in
⋃
i
(
gm2k+1(Ak,i) ∪ g
m
2k+1(Bk,i)
)
is always the same. The required g is
⋃
k gk. 
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3.4. The random poset and other examples. In this section, we verify Theorem
2.2(iii)-(v). We first focus on the random poset P and show the following.
Theorem 3.11. Each Aut(P)n, n ∈ N, and L0(Aut(P)), has a cyclically dense conjugacy
class. In fact, each of these groups is cyclically generated by a pair generating the free
group.
It already follows from the work of Glass-McCleary-Rubin [5] that Aut(P) has a
cyclically dense conjugacy class whose elements generate the free group.
To prove Theorem 3.11, we will need Proposition 3.12 and Lemma 3.13.
Proposition 3.12 (Corollary 3.3 [5]). There exists g ∈ Aut(P) with the following two
properties:
(1) for every x ∈ P, we have x ≤ g(x);
(2) there exists a ∈ P such that for any x ∈ P there is n ∈ Z with gn(a) ≤ x ≤ gn+1(a).
Lemma 3.13. If g ∈ Aut(P) is such as in Proposition 3.12, then we have: For every
a ∈ P and every x ∈ P there are k, n ∈ Z with gk(a) ≤ x ≤ gn(a).
Proof. Let a1 and x be given, and let a be as in (2) of Proposition 3.12. Then for some
m, we have gm(a) ≤ a1 ≤ g
m+1(a). This implies
. . . gm−1(a) ≤ g−1(a1) ≤ g
m(a) ≤ a1 ≤ g
m+1(a) ≤ g(a1) ≤ g
m+2(a) ≤ . . .
Therefore, if n is such that gn(a) ≤ x ≤ gn+1(a), since gn−m−1(a1) ≤ g
n(a) and
gn+1(a) ≤ gn−m−1(a1), we get g
n−m−1(a1) ≤ x ≤ g
n−m−1(a1). 
Proof of Theorem 3.11. We verify that the assumptions of Theorem 2.1 hold. Let
g ∈ Aut(P) be as in Proposition 3.12, and fix n and partial automorphisms of P ,
φi : Ai → Bi and ψi : Ci → Di, i ≤ n. Let x ∈ P be such that for any z1 ∈
⋃
i(Ai ∪ Bi),
z1 < x; it exists by the extension property. Then, using (1) and (2) in the properties of
g multiple times, get m such that for every z2 ∈
⋃
i(Ci ∪Di), x ≤ g
m(z2). That implies
that for every z1 ∈
⋃
i(Ai ∪ Bi) and z2 ∈
⋃
i(Ci ∪Di), we have z1 < g
m(z2). That gives
that for every i ≤ n, φi and g
−mψig
m we can extend to a single automorphism of M . 
Let S∞ denote the group of all permutations of integers, Aut(Q) the automorphism
group of rationals,H(2Z) is the homeomorphism group of the Cantor set 2Z, andH(2Z, µZ)
is the group of all µZ-preserving homeomorphisms of the Cantor set, where µZ is the
product of the measure µ on 2 = {0, 1} that assigns 1
2
to each of 0 and 1.
Theorem 3.14. Let G be one of the S∞, Aut(Q), H(2
Z) or H(2Z, µZ). Then each
Gn,n ∈ N, and L0(G), has a cyclically dense conjugacy class. In fact, each of these
groups is cyclically generated by a pair generating the free group.
It already follows from the work of Kechris-Rosendal [9] that each of the groups S∞,
Aut(Q), H(2Z), and H(2Z, µZ) has a cyclically dense conjugacy class.
Proof. Again, we verify that the assumptions of Theorem 2.1 hold. When G = S∞, we
let g in Theorem 2.1 to be the shift map n 7→ n + 1. Similarly, when G = Aut(Q), we
take g to be a shift by some rational number.
If G = H(2Z) (we identify H(2Z) with the automorphism group of the Boolean algebra
of all clopen sets in 2Z) or G = H(2Z, µZ) (we identify H(2Z, µZ) with the group of
measure preserving automorphisms of the Boolean algebra of all clopen sets in 2Z), the
g equal to the Bernoulli shift will work. Indeed, for any partial automorphisms of finite
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Boolean algebras φi : Ai → Bi and ψi : Ci → Di, i ≤ n, we can find m ∈ Z such that
for each i ≤ n, every atom in Ai intersects every atom in g
m(Ci), and every atom in Bi
intersects every atom in gm(Di). Then for every i ≤ n, φi and g
mψig
−m we can extend
to a single automorphism. 
3.5. Final remarks. It is not hard to see the following.
Proposition 3.15. If G is a Polish group and L0(G) is topologically m-generated, then
Gn is topologically m-generated for every n ∈ N.
Proof. Let d denote a metric on G and ρ be the corresponding metric on L0(G). Fix
n, and suppose that g1, . . . , gm topologically generate L0(G). Let (ek)k∈N be a countable
dense set in G. For each s ∈ Nn and i ∈ N, we pick ǫsi > 0 such that for each s, we
have
∑
s,i ǫ
s
i <
1
n
. For each s ∈ Nn and i ∈ N now pick a word l = l(s, i) ∈ Fm, such
that ρ(l(g1, . . . , gm), fs) < ǫ
s
i , where fs ∈ L0(G) is such that fs(x) = es(k) if and only
if x ∈ ( k
n
, k+1
n
), k = 0, 1, . . . , n − 1. Then there is a set As,i of measure ≥ 1 − ǫ
s
i , such
that for x ∈ As,i we have d(l(g1(x), . . . , gm(x)), fs(x)) < ǫ
s
i . This implies that for every
k the set ( k
n
, k+1
n
) ∩
(⋂
s∈Nn,i∈NAs,i
)
is non-empty, and for each (x0, . . . , xn−1), where
xi ∈ (
k
n
, k+1
n
) ∩
(⋂
s∈Nn,i∈NAs,i
)
, the pair ((g1(x0), . . . , g1(xn)), . . . , (gm(x0), . . . , gm(xn)))
topologically generates Gn, in particular, that Gn is topologically generated. 
We do not know whether the converse to Proposition 3.15 holds.
Question 3.16. Let be G a Polish group. Suppose that there exists m such that for every
n, Gn is topologically m-generated. Is it the case that L0(G) is topologically m-generated?
So far we only dealt with automorphism groups of countable structures. Below we use
our earlier results to conclude that certain “large” Polish groups have a cyclically dense
conjugacy class.
For the Lebesgue measure λ on [0, 1] let Aut([0, 1], λ) denote the Polish group of all
measure preserving transformations of the interval [0, 1]. Let Iso(U) be the Polish group
of all isometries of the Urysohn metric space, where the Urysohn metric space is the
unique Polish metric space which is ultrahomogeneous, and embeds isometrically every
finite metric space.
Knowing that the groups L0(H(2
Z, µZ)) and L0(Aut(U0)) have a cyclically dense
conjugacy class, we can deduce that the groups L0(Aut([0, 1], λ)) and L0(Iso(U)) have
the same property.
Proposition 3.17. If there is a continuous 1-to-1 homomorphism with a dense image of
a Polish group G into a Polish group H, then there is a continuous 1-to-1 homomorphism
with a dense image of a Polish group L0(G) into a Polish group L0(H). In that case, if
L0(G) has a cyclically dense conjugacy class, the same is true for L0(H).
Proof. For a homomorphism f : G→ H of groups, the function F : L0(G)→ L0(H) given
by F (h)(x) = f(h(x)) is also a homomorphism of groups. Moreover, if f is Borel, so is F
(see [12], the corollary on page 7), and hence it is continuous as long as G,H are Polish
(see Theorem 1.2.6 in [1]). Finally, if f is 1-to-1, and has a dense image, the same holds
for F . Indeed, if f has a dense image then for any ǫ > 0 and a Borel function h ∈ L0(H),
since the set
{(x, y) ∈ [0, 1]×H : d(h(x), y) < ǫ and y ∈ f [G]}
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is analytic, the density of the image of F follows from the Jankov von Neumann
uniformization theorem. 
Corollary 3.18. The groups L0(Aut([0, 1], λ)) and L0(Iso(U)) have a cyclically dense
conjugacy class.
Proof. Apply Proposition 3.17 to G = H(2Z, µZ) and H = Aut([0, 1], λ) and then to
G = Aut(U0) and H = Iso(U). 
References
[1] H. Becker, A. Kechris, The descriptive set theory of Polish group actions. London
Mathematical Society Lecture Note Series, 232. Cambridge University Press,
Cambridge, 1996. xii+136 pp.
[2] U. Darji, J. Mitchell, Approximation of automorphisms of the rationals and the
random graph. J. Group Theory 14 (2011), no. 3, 361–388.
[3] I. Farah, S. Solecki, Extreme amenability of L0, a Ramsey theorem, and Levy groups,
J. Funct. Anal., 255(2):471–493, 2008.
[4] E. Glasner, On minimal actions of Polish groups, Topology Appl., 85(1-3):119–125,
1998.
[5] A. M. W. Glass, S. H. McCleary, M. Rubin, Automorphism groups of countable
highly homogeneous partially ordered sets, Math. Z. 214 (1993), no. 1, 55–66.
[6] S. Hartman, J. Mycielski, On the imbedding of topological groups into connected
topological groups, Colloq. Math., 5:167–169, 1958.
[7] W. Hodges, Model theory, Encyclopedia of Mathematics and its Applications, 42.
Cambridge University Press, Cambridge, 1993. xiv+772 pp.
[8] I. Kaplan, P. Simon Automorphism groups of finite topological rank, preprint 2017,
arXiv:1709.01918.
[9] A. Kechris, C. Rosendal, Turbulence, amalgamation, and generic automorphisms of
homogeneous structures. Proc. Lond. Math. Soc. (3) 94 (2007), no. 2, 302–350.
[10] A. Kwiatkowska, M. Malicki, Automorphism groups of countable structures and
groups of measurable functions, preprint 2017, arXiv:1612.03106.
[11] D. Macpherson, Groups of automorphisms of ℵ0-categorical structures. Quart. J.
Math. Oxford Ser. 37 (1986), 449–465.
[12] C. Moore, Group extensions and cohomology for locally compact groups. III. Trans.
Amer. Math. Soc., 221(1):1–33, 1976.
[13] V. Pestov, Dynamics of infinite-dimensional groups. The Ramsey-Dvoretzky-Milman
phenomenon. University Lecture Series, 40. American Mathematical Society,
Providence, RI, 2006.
[14] V. Pestov, F. M. Schneider On amenability and groups of measurable maps, accepted
to Journal of Functional Analysis, arXiv:1701.00281.
[15] M. Sabok, Extreme amenability of abelian L0 groups, J. Funct. Anal 263 (2012), pp.
2978–2992.
TOPOLOGICALLY 2-GENERATED GROUPS 13
[16] S. Solecki, Extending partial isometries. Israel J. Math. 150 (2005), 315–331.
[17] S. Solecki, Unitary representations of the groups of measurable and continuous
functions with values in the circle, J. Funct. Anal. 267 (2014), 3105–3124.
Institut für Mathematische Logik und Grundlagenforschung, Universität Münster,
Einsteinstrasse 62, 48149 Münster, Germany and Instytut Matematyczny, Uniwersytet
Wrocławski, pl. Grunwaldzki 2/4, 50-384 Wrocław, Poland
E-mail address : kwiatkoa@uni-muenster.de
Department of Mathematics and Mathematical Economics, Warsaw School of
Economics, al. Niepodległości 162, 02-554, Warsaw, Poland
E-mail address : mamalicki@gmail.com
